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A set S of vertices in a graph G is a total dominating set if every vertex of G is adjacent to
some vertex in S. The total domination number γt(G) is the minimum cardinality of a total
dominating set in G. The annihilation number a(G) is the largest integer k such that the
sum of the first k terms of the non-decreasing degree sequence of G is at most the number
of edges in G. In this paper, we investigate relationships between the annihilation number
and the total domination number of a graph. Let T be a tree of order n ≥ 2. We show that
γt(T ) ≤ a(T )+1, andwe characterize the extremal trees achieving equality in this bound.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we study upper bounds on the total domination numbers of trees in terms of their annihilation numbers.
A total dominating set, abbreviated TD-set, of a graph G = (V , E) is a set S of vertices of G such that every vertex in V (G)
is adjacent to at least one vertex in S. Every graph without isolated vertices has a TD-set, since V (G) is such a set. The total
domination number of G, denoted by γt(G), is the minimum cardinality of a TD-set of G. A TD-set of G of cardinality γt(G) is
called a γt(G)-set. Total domination is now well studied in graph theory. The literature on the subject of total domination
in graphs has been surveyed and detailed in the recent book [12]. A survey of total domination in graphs can also be found
in [11]. More generally, the literature on the subject of domination parameters in graphs up to the year 1997 has been
surveyed and detailed in the two books [8,9].
Let d1, d2, . . . , dn be the degree sequence of a graph G arranged in non-decreasing order, and so d1 ≤ d2 ≤ · · · ≤ dn.
Pepper [13] defined the annihilation number of G, denoted by a(G), to be the largest integer k such that the sum of the first k
terms of the degree sequence is at most half the sum of the degrees in the sequence. Equivalently, the annihilation number
is the largest integer k such that
k
i=1
di ≤
n
i=k+1
di.
Weobserve that if G hasm edges and annihilation number k, then k is precisely the largest integer such that
k
i=1 di ≤ m.
Motivated by a Graffiti.pc [6] conjecture involving an upper bound on the total domination number of a graph in terms
of its annihilation number, we investigate relationships between the total domination and annihilation numbers of trees.
By a nontrivial graphwe mean a graph on at least two vertices.
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2. Main results
We begin by posing a conjecture that can be found in a slightly different form in Graffiti.pc [6].
Conjecture 1. If G is a connected nontrivial graph, then γt(G) ≤ a(G)+ 1.
Let G be a graph of order n ≥ 2. As an immediate consequence of the definition of the annihilation number, we observe
that a(G) ≥ ⌊n/2⌋. If G has minimum degree at least 3, then it is known ([1,4,14,15]) that γt(G) ≤ n/2. Hence if G is a
graph with minimum degree at least 3, then γt(G) ≤ a(G). Thus Conjecture 1 holds for graphs with minimum degree at
least 3. This suggests that the restriction to trees may be the most interesting case. Our next aim in this paper is to prove
that Conjecture 1 is true for trees.
Theorem 1. If T is a nontrivial tree, then γt(T ) ≤ a(T )+ 1, and this bound is sharp.
A proof of Theorem 1 is given in Section 4. Our final aim is to characterize the trees achieving equality in the bound of
Theorem 1. We shall prove the following result in Section 5.
Theorem 2. Let T be a nontrivial tree of order n with n1 vertices of degree 1. Then, γt(T ) = a(T ) + 1 if and only if γt(T ) =
(n+ n1)/2.
In Section 6, we give a constructive characterization of these trees based on a result of Chen et al. [3].
2.1. Notation
We restrict our attention to isolate-free, finite, simple undirected graphs. For notation and graph theory terminology not
defined herein, we refer the reader to [8]. Let G = (V , E) be a graph with vertex set V = V (G) of order n = |V | and edge set
E = E(G) of sizem = |E|, and let v be a vertex in V . A vertex of degree one is called a leaf and its neighbor a support vertex.
A support vertex adjacent to two or more leaves is called a strong support vertex.
We denote the degree of v in G by dG(v). The maximum (minimum) degree among the vertices of G is denoted by ∆(G)
(δ(G), respectively). For 1 ≤ i ≤ n− 1, we let ni(G) and n≥i(G) denote the number of vertices in G of degree i and of degree
at least i, respectively. For a subset S ⊆ V , we let
Σ(S,G) =

v∈S
dG(v).
The open neighborhood of v is NG(v) = {u ∈ V |uv ∈ E} and the closed neighborhood of v is NG[v] = {v} ∪ NG(v). If the
graph G is clear from the context, we simply write d(v), N(v) and N[v] rather than dG(v), NG(v) and NG[v], respectively. For
a set S ⊆ V , its open neighborhood is the set N(S) =v∈S N(v), and its closed neighborhood is the set N[S] = N(S) ∪ S.
For a set S ⊆ V , the graph G–S denotes the graph obtained from G by deleting the vertices in S and all edges incident
with vertices in S. If S = {v}, we simply denote G–S by G–v.
For r, s ≥ 1, a double star S(r, s) is a tree with exactly two vertices that are not leaves, with one adjacent to r leaves and
the other to s leaves. For any graph H , we denote by H ◦ P2 the graph of order 3|V (H)| obtained from H by attaching a path
of length 2 to each vertex of H so that the resulting paths are vertex-disjoint. The graph H ◦ P2 is also called the 2-corona
of H .
3. Known results
Let d1, d2, . . . , dn be the degree sequence of a graph G arranged in non-decreasing order. If S is an independent set in G,
then Pepper [13] observed that the vertex degrees in S can be canceled out by the degrees of vertices outside S; that is,
|S|
i=1
di ≤ Σ(S,G) ≤ Σ(V \ S,G) ≤
n
i=|S|+1
di,
and so, a(G) ≥ |S|. Hence we have the following result, where α(G) denotes the independence number in G.
Observation 3 ([13]). For every graph G, we have α(G) ≤ a(G).
We shall need the following upper bound on the total domination number of a graph with minimum degree at least two.
Theorem 4 ([5]). If G is a connected graph of order n ≥ 3, then γt(G) ≤ 2n/3.
We denote the number of support vertices in a graph G by s(G). Further, we let s∗(G) denote the number of isolated
vertices in the subgraph of G induced by its support vertices. We will need the following result from [7].
Theorem 5 ([7]). If T is a tree of order n ≥ 3, then γt(T ) ≤ (n+ s∗(T ))/2.
As a consequence of Theorem 5, we have the following result from [2].
Corollary 6 ([2]). If T is a tree of order n ≥ 3, then γt(T ) ≤ (n+ s(T ))/2.
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4. Proof of Theorem 1
Recall the statement of Theorem 1.
Theorem 1. If T is a nontrivial tree, then γt(T ) ≤ a(T )+ 1, and this bound is sharp.
Proof. We proceed by induction on the order n ≥ 2. The base case when n = 2 is trivial. For the inductive hypothesis, let
n ≥ 3 and assume that for every nontrivial tree T ′ on order less than nwe have γt(T ′) ≤ a(T ′)+ 1. Let T be a tree of order n.
If diam(T ) = 2, then T is a star K1,n−1. In this case, a(T ) = n − 1 and γt(T ) = 2, and so γt(T ) ≤ a(T ) + 1. If diam(T ) = 3,
then T is a double star S(r, s). In this case, a(T ) = r + s and γt(T ) = 2, and so γt(T ) < a(T )+ 1. Hence wemay assume that
diam(T ) ≥ 4, for otherwise the desired result follows.
Throughout the remainder of this proof, we will consider trees T ′ formed from T by removing a set of vertices. For such a
tree T ′ of order n′, let d′1, d
′
2, . . . , d
′
n′ be the non-decreasing degree sequence of T
′, and let S ′ be a set of vertices corresponding
to the first a(T ′) terms in the degree sequence of T ′. We denote the size of T ′ bym′, and som′ = m(T ′). We proceed further
with a series of claims that we may assume are satisfied by the tree T .
Claim A. There is no strong support vertex in T .
Proof. Suppose that T has a strong support vertex u. Let v be a leaf neighbor of u and let T ′ = T − v. If u ∉ S ′, then
Σ(S ′, T ) = Σ(S ′, T ′). If u ∈ S ′, then Σ(S ′, T ) = Σ(S ′, T ′) + 1. Thus, Σ(S ′, T ) − 1 ≤ Σ(S ′, T ′) ≤ m′ = m − 1, and so
Σ(S ′, T ) ≤ m. Therefore, a(T ) ≥ |S ′| = a(T ′). Applying our inductive hypothesis to T ′, we have that γt(T ′) ≤ a(T ′)+1. Since
u is a strong support vertex of T , it is a support vertex of T ′ and is therefore in every γt(T ′)-set, implying that γt(T ′) = γt(T ).
Hence, γt(T ) ≤ a(T ′) + 1 ≤ a(T ) + 1, as desired. Hence we may assume that there is no strong support vertex in T , for
otherwise the desired result follows. 
Let r be an end of a longest path in T and let u be a vertex at distance diam(T ) from r . Root T at r . Necessarily, u is a leaf.
Let v be the parent of u,w the parent of v, x the parent ofw and y the parent of x. By Claim A, we note that d(v) = 2.
Claim B. d(w) = 2.
Proof. Suppose that d(w) ≥ 3. Let T ′ = T − {u, v} and D be a γt(T ′)-set. If w is a support vertex in T ′, then w ∈ D. If w is
not a support vertex in T ′, then every child ofw is a support vertex (of degree 2, by Claim A). If a leaf-neighbor of a child of
w in T ′ belongs to D, then we can simply replace such a leaf in Dwith the vertexw. Hence wemay assume thatw ∈ D. Thus
the set D ∪ {v} is a TD-set of T , and so γt(T ) ≤ |D| + 1 = γt(T ′) + 1. If w ∈ S ′, then Σ(S ′, T ) = Σ(S ′, T ′) + 1. If w ∉ S ′,
then Σ(S ′, T ) = Σ(S ′, T ′). In both cases, Σ(S ′, T ) ≤ Σ(S ′, T ′) + 1. Let S = S ′ ∪ {u}. Then, Σ(S, T ) = Σ(S ′, T ) + 1 ≤
Σ(S ′, T ′)+ 2 ≤ m′ + 2 = m, implying that a(T ) ≥ |S| = |S ′| + 1 = a(T ′)+ 1. Applying our inductive hypothesis to T ′, we
have that γt(T ′) ≤ a(T ′)+ 1. Therefore, γt(T ) ≤ γt(T ′)+ 1 ≤ a(T ′)+ 2 ≤ a(T )+ 1, as desired. 
Claim C. d(x) = 2.
Proof. Suppose that d(x) ≥ 3. We now consider the tree T ′ = T − {u, v, w}, and so m′ = m − 3. Every γt(T ′)-set can be
extended to a TD-set of T by adding to it both v and w, and so γt(T ) ≤ γt(T ′) + 2. Suppose that x ∉ S ′. In this case, let
S = S ′ ∪ {u, v}. Then,Σ(S, T ) = Σ(S ′, T ′)+ dT (u)+ dT (v) ≤ m′+ 3 = m, implying that a(T ) ≥ |S| = |S ′|+ 2 = a(T ′)+ 2.
Applying our inductive hypothesis to T ′, wehave thatγt(T ′) ≤ a(T ′)+1. Therefore,γt(T ) ≤ γt(T ′)+2 ≤ a(T ′)+3 ≤ a(T )+1,
as desired.
Hencewemay assume that x ∈ S ′, for otherwise the desired result follows. In this case, let S = (S ′ \{x})∪{u, v, w}. Since
dT (w) = 2 ≤ dT ′(x), we have thatΣ(S, T ) = Σ(S ′, T ′)− dT ′(x)+ dT (u)+ dT (v)+ dT (w) ≤ Σ(S ′, T ′)+ 3 ≤ m′ + 3 = m,
implying that a(T ) ≥ |S| = |S ′| + 2 = a(T ′)+ 2. Applying our inductive hypothesis to T ′, we have that γt(T ′) ≤ a(T ′)+ 1.
Therefore, γt(T ) ≤ γt(T ′)+ 2 ≤ a(T ′)+ 3 ≤ a(T )+ 1, as desired. 
We now return to the proof of Theorem 1. Let T ′ = T −{u, v, w, x}, and som′ = m−4. Every γt(T ′)-set can be extended
to a TD-set of T by adding to it both v andw, and so γt(T ) ≤ γt(T ′)+ 2.
If y ∈ S ′, thenΣ(S ′, T ) = Σ(S ′, T ′)+ 1. If y ∉ S ′, thenΣ(S ′, T ) = Σ(S ′, T ′). In both cases,Σ(S ′, T ) ≤ Σ(S ′, T ′)+ 1. Let
S = S ′ ∪ {u, v}. Then, Σ(S, T ) = Σ(S ′, T ) + dT (u) + dT (v) ≤ Σ(S ′, T ′) + 4 ≤ m′ + 4 = m, implying that a(T ) ≥ |S| =
|S ′|+2 = a(T ′)+2. Applying our inductive hypothesis to T ′, we have that γt(T ′) ≤ a(T ′)+1. Therefore, γt(T ) ≤ γt(T ′)+2 ≤
a(T ′)+ 3 ≤ a(T )+ 1, as desired. This establishes the desired upper bound.
That the bound is sharp may be seem as follows. Let F denote the family of graphs which are formed from the 2-corona
of any nontrivial tree, and let T ∈ F . Then, T is the 2-corona of some nontrivial tree T ′, i.e., T = T ′ ◦ P2. Let T ′ have order k,
and so T has order n = 3k, size m = 3k − 1 and total domination number γt(T ) = 2k. Let T have n1 vertices of degree 1
and n2 vertices of degree 2. Then, n1 = k and n2 ≥ k + 2. Let s denote the degree sequence of T with the degree sequence
arranged in non-decreasing order. If S is a set of vertices in T corresponding to the first 2k terms in the sequence s, then
v∈S d(v) = k+ 2k = 3k > m, implying that a(T ) < |S| = 2k. Conversely, if S is a set of vertices in T corresponding to the
first 2k − 1 terms in the sequence s, thenv∈S d(v) = k + 2(k − 1) = 3k − 2 < m, implying that a(T ) ≥ |S| = 2k − 1.
Consequently, a(T ) = 2k− 1 = γt(T )− 1. Hence for every tree T ∈ F , we have γt(T ) = a(T )+ 1. This completes the proof
of Theorem 1. 
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5. Proof of Theorem 2
In this section, we present a proof of Theorem 2. For this purpose, we shall need some preliminary observations and
lemmas. We begin with the following observation.
Observation 7. If T is a nontrivial tree that is not a star, then there exists a γt(T )-set that contains no leaves of T .
Lemma 8. Let T be a tree of order n ≥ 2. Then the following holds.
(a) If n ≥ 3, then γt(T ) < n1(T )+ n2(T ).
(b) n1(T )+ n2(T ) > ⌊n/2⌋.
(c) a(T ) ≤ ⌈(n+ n1(T ))/2⌉ − 1 ≤ ⌊(n+ n1(T ))/2⌋.
(d) If n ≥ 3, then γt(T ) ≤ (n+ 2s(T )− n1(T )+ 1)/2.
Proof. Let T = (V , E) have sizem.
(a) If T is a star, then γt(T ) = 2. Further since n ≥ 3, we have that n1(T ) + n2(T ) ≥ 3, and the result holds. Hence we
may assume that T is not a star. By Observation 7, there exists a γt(T )-set S that contains no leaves of T . Let s2 and s≥3 be the
number of vertices of S of degree 2 and of degree at least 3, respectively, in T . We note that n = n1(T )+ n2(T )+ n≥3(T ) and
that s2 ≤ n2(T ) and s≥3 ≤ n≥3(T ). If n≥3(T ) ≥ n1(T ), thenv∈V d(v) ≥ n1(T )+2n2(T )+3n≥3(T ) = 2n−n1(T )+n≥3(T ) ≥
2n > 2m, a contradiction. Hence, n1(T ) > n≥3(T ). Therefore, γt(T ) = |S| = s2 + s≥3 ≤ n2(T )+ n≥3(T ) < n2(T )+ n1(T ).
(b) Assume, for purposes of contradiction, that n1(T )+ n2(T ) ≤ ⌊n/2⌋. This implies that n≥3(T ) ≥ n− ⌊n/2⌋ = ⌈n/2⌉.
Thus,

v∈V d(v) ≥ n1(T )+ 2n2(T )+ 3n≥3(T ) ≥ n1(T )+ n2(T )+ 3n≥3(T ) = (n− n≥3(T ))+ 3n≥3(T ) = n+ 2n≥3(T ) ≥
n+ 2⌈n/2⌉ ≥ 2n > 2m, a contradiction.
(c) Clearly if n = 2, then a(T ) = 1 < 2 = ⌊(2 + 2)/2⌋ = ⌊(n + n1(T ))/2⌋. Hence we may assume n ≥ 3. Thus,
n ≥ n1(T )+1 and n1(T ) < (n+n1(T ))/2 ≤ ⌈(n+n1(T ))/2⌉ ≤ (n+n1(T )+1)/2 ≤ n. Let S be a set of vertices corresponding
to the first ⌈(n + n1(T ))/2⌉ vertices in the non-decreasing degree sequence of T . Accordingly, S contains all n1 leaves of T
and ⌈(n+ n1(T ))/2⌉ − n1(T ) > 0 vertices of degree two or more. Thus,Σ(S, T ) ≥ n1(T )+ 2(⌈(n+ n1(T ))/2⌉ − n1(T )) ≥
n1(T )+ 2((n+ n1(T ))/2− n1(T )) = n > m(T ). Hence, a(T ) ≤ ⌈(n+ n1(T ))/2⌉ − 1 ≤ ⌊(n+ n1(T ))/2⌋.
(d) Let T ′ be the tree obtained from T by deleting leaves until each support vertex of T is adjacent to exactly one leaf. Let
T ′ have order n′. Then, n′ = n−n1(T )+ s(T ). Further, T ′ has s(T ) leaves, and so n1(T ′) = s(T ). By Theorem 1 and by Part (c),
we have that γt(T ′) ≤ a(T ′)+ 1 ≤ (n′ + n1(T ′)− 1)/2+ 1 = (n+ 2s(T )− n1(T )+ 1)/2. The desired result now follows
from the observation that every γt(T ′)-set is a TD-set of T , and so γt(T ) ≤ γt(T ′). 
We remark that a star on n ≥ 3 vertices is an example of a tree that achieves equality in the upper bound in Lemma 8(d).
By Lemma 8(a), if T is a tree of order n ≥ 3, then γt(T ) < n1(T )+n2(T ). Further if γt(T ) = a(T )+1, then this implies that
the first a(T )+ 2 terms in the non-decreasing degree sequence of T are 1s and 2s. Hence as a consequence of Lemma 8(a),
we have the following observation.
Observation 9. Let T be a tree of order n ≥ 3 satisfying γt(T ) = a(T ) + 1. Let u be an arbitrary vertex in T that is not a leaf.
Then we can choose a set S of vertices in T corresponding to the first a(T )+ 1 terms in the degree sequence of T with the degree
sequence arranged in non-decreasing order so that u ∉ S.
The following lemma gives necessary conditions for a tree T to have γt(T ) = a(T )+ 1.
Lemma 10. Let T be a tree of order n ≥ 3 satisfying γt(T ) = a(T )+ 1. Then the following holds.
(a) diam(T ) ≥ 4.
(b) T has no strong support vertex.
(c) γt(T ) = (n+ n1(T ))/2 and n ≡ n1(T ) (mod 2).
(d) n1(T ) ≤ n/3 and n2(T ) > n/3.
(e) The set of support vertices of T is an independent set.
Proof. Let T = (V , E) have sizem. By assumption, γt(T ) = a(T )+ 1. Let n1 = n1(T ), n2 = n2(T ) and n≥3 = n≥3(T ).
(a) As can be seen in the proof of Theorem 1, if γt(T ) = a(T )+ 1, then diam(T ) ≥ 4.
(b) Suppose that T has a strong support vertex u. Let v be a leaf neighbor of u, and let T ′ = T − v. Let S ′ be a set of
vertices in T ′ corresponding to the first a(T ′) terms in the degree sequence of T ′ with the degree sequence arranged in non-
decreasing order. As shown in the proof of Claim A in Theorem 1, we have that a(T ) ≥ |S ′| = a(T ′) and γt(T ) ≤ γt(T ′). By
Theorem 1, γt(T ′) ≤ a(T ′)+ 1. Hence, a(T )+ 1 = γt(T ) ≤ γt(T ′) ≤ a(T ′)+ 1 ≤ a(T )+ 1. Therefore wemust have equality
throughout this inequality chain. In particular, a(T ) = a(T ′) and γt(T ′) = a(T ′)+ 1. By construction, diam(T ′) = diam(T ),
and so by Part (a) we note that diam(T ′) ≥ 4, and so certainly n′ ≥ 3. Since u is not a leaf in T ′, by Observation 9 we can
choose the set S ′ so that u ∉ S ′. Thus, Σ(S ′, T ) = Σ(S ′, T ′) ≤ m′ = m − 1. Hence, Σ(S ′ ∪ {v}, T ) = Σ(S ′, T ) + 1 ≤ m,
implying that a(T ) ≥ |S ′| + 1 = a(T ′)+ 1, a contradiction. Hence, T has no strong support vertex.
(c) As observed earlier, γt(T ) = a(T )+ 1 implies that the first a(T )+ 2 terms in the non-decreasing degree sequence of
T are 1s and 2s. If the first a(T ) + 1 terms of this sequence are all 1s, then a(T ) = m = n − 1, and so γt(T ) = n, implying
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Fig. 1. Operations to build Γ .
that T = P2, a contradiction. Hence, n1 ≤ a(T ). Let S be a set of vertices in T corresponding to the first a(T ) terms in the
degree sequence of T with the degree sequence arranged in non-decreasing order, and let z be a vertex corresponding to
the (a(T ) + 1)st term in the degree sequence. Then, Σ(S ∪ {z}, T ) = n1 + 2(a(T ) − n1) + 2 ≥ m + 1 = n, implying that
(n+ n1 − 2)/2 ≤ a(T ). Since T has no strong support vertex, Corollary 6 implies that γt(T ) ≤ (n+ s(T ))/2 = (n+ n1)/2.
Hence, a(T ) = (n+ n1 − 2)/2, and so γt(T ) = (n+ n1)/2. Since a(T ) and γt(T ) are integers, this in turn implies that n and
n1 have the same parity. Thus, n ≡ n1 (mod 2).
(d) If n1 > n/3, then by Part (c) we have γt(T ) = (n + n1)/2 > (n + n/3)/2 = 2n/3, contradicting Theorem 4. Hence,
n1 ≤ n/3. As shown in the proof of Lemma 8(a), we have n1 > n≥3. Thus, n = n1 + n2 + n≥3 < 2n1 + n2 ≤ 2n/3+ n2, and
so n2 > n/3.
(e) By Part (c), γt(T ) = (n+ n1)/2. Since T has no strong support vertex, s(T ) = n1. If s∗(T ) < s(T ), then by Theorem 5,
γt(G) ≤ (n+ s∗(T ))/2 < (n+ s(T ))/2 = (n+ n1)/2, a contradiction. Hence s∗(T ) = s(T ), that is, the set of support vertices
of T is an independent set. 
We are now in a position to prove Theorem 2. Recall the statement of the theorem.
Theorem 2. Let T be a nontrivial tree of order n with n1 vertices of degree 1. Then, γt(T ) = a(T ) + 1 if and only if γt(T ) =
(n+ n1)/2.
Proof. Suppose that γt(T ) = a(T ) + 1. If T = P2, then γt(T ) = 2 = (n + n1)/2. Hence we may assume that n ≥ 3. The
necessity now follows from Lemma10(c). Nextwe consider the sufficiency. Suppose that γt(T ) = (n+n1)/2. By Lemma8(c),
a(T ) ≤ ⌈(n+n1)/2⌉−1. By Theorem1, γt(T ) ≤ a(T )+1. Hence (n+n1)/2 = γt(T ) ≤ a(T )+1 ≤ ⌈(n+n1)/2⌉ ≤ (n+n1)/2.
Consequently, γt(T ) = a(T )+ 1. 
6. Characterization
We finish this work with a constructive characterization of the trees achieving the upper bound of Theorem 1. By Theo-
rem 2, it suffices to characterize the nontrivial trees T satisfying γt(T ) = (n+n1(T ))/2. As we will see, this characterization
is a corollary to the results of Chen et al. in [3]. For continuity, we need the following definitions. A locating total dominating
set, abbreviated LTD-set, of a graph G is a TD-set of G with the additional property that for every pair of vertices u and v in
V (G) \ S, NG(u) ∩ S ≠ NG(v) ∩ S. The locating total domination number of G, denoted by γ Lt (G), is the minimum cardinality
of a LTD-set of G. A LTD-set of G of cardinality γ Lt (G) is called a γ
L
t (G)-set. Locating total domination was introduced in [10].
We will also need the following four results from [3].
Definition 1 ([3]). We describe a procedure to build a family Γ of labeled trees. The label of a vertex v is called its status
and is denoted by sta(v). Let Γ be the family of labeled trees T = Tk that can be obtained as follows. Let T0 be a P6 in which
the two leaves have status C , the two support vertices have status A and the remaining two vertices have status B. If k ≥ 1,
then Tk can be obtained recursively from Tk−1 by one of the following operations.
• Operation τ1. For any y ∈ V (Tk−1), if sta(y) = C and y is a leaf of Tk−1, then add a path xwvz and edge xy. Let sta(x) =
sta(w) = B, sta(v) = A, and sta(z) = C .
• Operation τ2. For any y ∈ V (Tk−1), if sta(y) = B, then add a path xwv and edge xy. Let sta(x) = B, sta(w) = A, and
sta(v) = C .
The labeled tree T0 and the two operations τ1 and τ2 are illustrated in Fig. 1.
Theorem 11 ([3]). Let T be a tree of order n ≥ 3. Then the following holds.
(a) γ Lt (T ) ≤ (n+ n1(T ))/2.
(b) If T ∈ Γ , then γt(T ) = (n+ n1(T ))/2.
(c) γ Lt (T ) = (n+ n1(T ))/2 if and only if T ∈ Γ .
We conclude by giving a constructive characterization of trees achieving the upper bound of Theorem 1.
Corollary 12. For any tree T of order n ≥ 3, γt(T ) = (n+ n1(T ))/2 if and only if T ∈ Γ .
Proof. Assume that γt(T ) = (n + n1(T ))/2. Since any LTD-set is also a TD-set, it follows that γt(T ) ≤ γ Lt (T ). By Theo-
rem 11(a), γ Lt (T ) ≤ (n + n1(T ))/2, and so γt(T ) = γ Lt (T ) = (n + n1(T ))/2. By Theorem 11(c), it follows that T ∈ Γ . This
proves the necessity, and the sufficiency follows from Theorem 11(b). 
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7. Open problems
In this paperwe show that if T is a nontrivial tree, then γt(T ) ≤ a(T )+1, andwe characterize the extremal trees achieving
equality in this bound. We close with the following two questions that we have yet to settle.
Question 1. Is it true that if G is a connected nontrivial graph, then γt(G) ≤ a(G)+ 1?
Question 2. Is it true that if G is a bipartite connected nontrivial graph, then γt(G) ≤ a(G)+ 1?
The same questions could be asked for other domination parameters, including the connected domination, double
domination or paired domination numbers.
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